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Abstract

In the present work, the (G'/G)-expansion technique is applied to construct closed-form traveling-wave solutions for
two nonlinear systems: the modified dispersive water-wave (MDWW,) system and the variant Boussinesq system.
Compared with more elaborate symbolic approaches, this technique reaches explicit, verifiable solution families with
comparatively little algebraic overhead, whichin turn sheds light on how these nonlinear systems behave. Because it
converts an otherwise unwieldy governing equation into a tractable algebraic system, the method is well suited to
producing accurate closed-form expressions. The results reported here support the view that the (G’ /G)-expansion
approach is a useful tool both for the theoretical study of nonlinear wave phenomena and for problems arising in
applied nonlinear dynamics.

Keywords: (G'/G)-Expansion Method; Comparative Study; Modified Dispersive Water Wave (MDWW) System;
Variant Boussinesq Equation.

Introduction

Among the analytical tools developed for governing equations of complicated physical systems, the (G'/G)-expansion
method stands outfor its systematic character. The unknown solution is expressed through a function whose logarithmic
derivative satisfies a simple linear auxiliary ODE, which turns a difficult nonlinear problem into a solvable algebraic one.
Owingtothis transparent structure, the technique hasbeenused across a wide range of nonlinear modelequations [1-13].

Outline of the (G'/G)-expansion method for NPDEs:

Consider a governing nonlinear equation written generally as P(u,us Uy , Upp s Us s Uy ) =0
(.21)

in whichu = u(x,t) is unknown and P collects u together with its partial derivatives, both linear and nonlinear, up to the
relevant order. The recipe of [14] for solving (2.1) can be broken down into six short stages, sketched below.

Step 1. Pass to a single traveling-wave coordinate,

u(x ) =u§), ¢ =<§xt) (:22)

which turns (2.1) into an ordinary differential equationin u(§) alone:
Puu,u",..)=0 (.23)
where the prime denotes d%,.

Step 2. Posit a truncated series expansion for the unknown in powers of the ratio G'/G,
N

G
@ = Yoa; (%) (24)
in which the auxiliary function G = G(§) is required to satisfy the linear second-order equation
G"()+16'()+uGE) =0, (.25)

and the constants aj (i=0,1,...,n), together with A and p, remain undetermined at this stage.
Step 3. Determinethetruncationordernby comparingdegrees: the degree contributed bythe highest derivative must equal
that of the strongest nonlinear term in (2.3). Symbolically,

a,\S
If D[u(§)] =n,= D [u’" (ZTZ) ] =nr+ s(q+n),
D stands for the degree operator.
Step 4.Insert (2.4)into(2.3), invoke (2.5) to eliminate higher derivatives of G, and collect the resulting expression by powers
of G'/G. Setting each power's coefficient to zero yields a polynomial system in the unknowns a;, 4, u, ¢ and k.
Step 5. This polynomial system is then solved by hand for small cases or with symbolic software such as Maple or
Mathematica, otherwise recovering explicit values for a;, 4, u, ¢ and k.
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Step 6. Substituting these values, along with the known closed-form solution of (2.5), backinto the ansatz (2.4) produces
the sought traveling-wave solution of the original equation (2.1).
3. Application of the method:

The MDWW system [15]:
As a first application, consider the pair of coupled equations known as the modified dispersive water-wave (MDWW)
system:

= — v, +1w),, (3.1.1)

Vp = —Uy, — 2UU, + zvvx. 3.1.2)

Introducing the traveling-wave variables

ulx, t) =u(®) ,vixt) =v(€),§ =k (x + wt), (3.1.3)

converts (3.1.1)—(3.1.2) into a coupled ODE system:

— %kv” +% (uv) —wu' =0, (3.1.4)

—ku" —2uu' + %vv’ —wv' =0, (3.1.5)

Here k denotes the wavenumber and w the wave speed. Integrating (3.1.4)—(3.1.5) once with respect to £ gives

kl—ikv’+§(uv)—wu =0, (3.1.6)

kz—ku’—u2+%v2—wv=0, (3.1.7)

with k,, k, arising as integration constants. We seek solutions of (3.1.6)—(3.1.7) in the polynomial form
G’ i

@) = Yioa (3). (3.1.8)
GI L

v(§) = $ob; (%) (3.1.9)

with G (&) again governed by (2.5). Comparing degrees betweenthe derivative and nonlinear contributionsin(3.1.6)-(3.1.7)
pinsdownn =m = 1, leaving

u(€)=ao+a1(%’) ,a; #0, (3.1.10)
v() = by+ by (%) by %0, (3.1.11)

Plugging (3.1.10)—(3.1.11), togetherwith (2.5), into (3.1.6)—(3.1.7) and equating coefficients of like powers of (G'/G) to zero
gives the algebraic system:

nO
(%) wag+ 222+ 2keub, + k, = 0,

G 2
(£) : way + 220+ 2 kb, + 2 = o,
G 2 4 2

&)
[N

kb, . a.b
221,
4 2

2
:—a02+kua1+wbo+%+k2=0,

2
[S)

A/T\
Q
N— —

o

N1
(%) s kda, — 2aq4a, + wb; + Sboby _ ,
Gr\2 3b,2
(E) tkay — a2 + 25 =0, (3.1.12)

Solving this algebraic system gives

1
a, = E(/la1 —w), a;=a, by=21a,—w, b, =2a,,

ky =1 (0 = Ma,?), ky = (0? —Ma,?), k=-2a (3.1.13)
Back-substitution of (3.1.13) into (3.1.10)—(3.1.11) yields

u(®) =10, —w) +a, (), (3.1.1)
v(é) =da;—w+ 2a, (%’), (3.1.15)
with & = —2a, (x + wt). (3.1.16)

SettingM = 12 — 4u,the generalsolutionof (2.5) takes one of three distinct closed forms accordingtowhetherMis positive,
negative, or zero and (3.1.14)—(3.1.15) inherit this three-way split.
Case1 (M > 0): hyperbolic-function solution
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w0 (i) ]
o) = a (SR
Case2 (M < 0): trigonometric-function solution
w0 =3[ (RG]
v(§) = aV=M (;’*ifgﬁf)f ((f—f:b -

Case3 (M = 0): rational solution

u(é) =a, (L) —2,

BE+A 2

v(&) = 2a, (L) - w,

BE+A

(3.1.17)

(3.1.18)

(3.1.19)

(3.1.20)

(3.1.21)
(3.1.22)

SpecializingtoB = 0,A # 0,4 > 0, u = 0 reduces (3.1.17)—(3.1.18) to

u(é) = %[alxlcoth (%f) - w],
v(§) = a ;A coth (%E) —w,
Alternatively, taking B # 0 with A>>B?, 1 >0,u
u(é) = % [alltanh (%f + fo) - w],
v(§) = a,Atanh (%5 + Eo) - w,
with & = tanh™1(A/B). Equations(3.1.23)—(3.1.26)

(3.1.23)

(3.1.24)
= 0 gives
(3.1.25)
(3.1.26)
describe single-humped, localized wave profiles that decay away from

a moving front in the solitary-wave regime of the MDWW system (3.1.1)—-(3.1.2).

Figure 1. solution profiles (3.1.19), left, and (3.1.25), right, plotted witha, =2,A=-3,u=-1,A=3,B=4,c=5.

Variant Boussinesq Equation [16]:

The variant Boussinesq system is a widely used framework for describing long nonlinear waves in dispersive media,

combining nonlinear and dispersive effects within

a single model. It allows the shape, stability, and interaction of such

waves in fluid systemsto be examined in more depth than linear wave theory permits, while remaining tractable for both

analyticaland numericaltreatment.
u, + v, + uu, =0,
v+ (uv)x t Uprx = 0,
Settingé =x —ct (3.2.3) gives
—cu'+ v +uu' =0,
—cv'+uv' +u'v+u" =0,

(3.2.1)
(.32.2)

(.32.4)
(.32.5)
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Balancing suggestsn = 1,m = 2, sothat
u@) =a,+a, (G—) a; #0, (.32.6)

V() =by+ b ( ) +b, (G')Z, a, # 0, (.32.7)

Substituting and matching powers of (G'/G) leads to the algebraic system
6"\’

(E :Cap—agap—byp=0,
6\t 2

( ) :Cad—agaA—ajpu—bA—2b,u=0,

G"\*
<—) :—ail+Cay—aga, — 2bu—by =0,

(£) :—az-2b,=0

(GE)O i —ay A2+ Chyp— aghyp — aybop — 2a,u% = 0, (.32.8)

(%)1 t—ay A 4+ Chbi A+ 2Chypu — agbhy A — 2a,byu — a;bgA — 2a, byu — 8a,Ap = 0,
(%)2 : 2CbyA — 2agbyA — 2a1byA — 3aibyp — 7a,4* + Cby — aghy — ajhy — 8a; 4 = 0,
(%)3 t =3a;bA + 2Cb, — 2a0b, — 2a4b; — 12,4 =0,

(%,)4 : —=3a.b, — 6a, =0,

Three admissible branches follow:

C=C, ay=a, al—O b —bO, b, = b, =0, (.32.9) C=a,—A ay=ay, a,=2, by=
=24, by =-24, b, 2, (.32.10)

C=ayg+A ay=a, a =-2 b0 =-2u, by =-21, b,=-2,(.32.11)

Taking the non-trivial branch (3.2.10) gives
GI
u(@)=a,+2 (;) 2 (.32.12)
— G !
v(f)——Z,u—Z/l(G) 2(6) (.32.13)
withé = x — (ay,+ D, (.32.14)
Using the general solution of (2.5) according to the sign of M, the following solution families are obtained.
IfM>0:
( )_ +2 1\/.]\7 Acosh(lx/—f)+Bsinh(%\/ﬁf) 32.15
u f = %o 2 Asinh( \/—§)+Bcosh %\/ﬁf) (:32.15)
_ Acosh(—\/_f +B smh \/_f
u(§) = ao+\/_<Asmh(_\/—f Y+ Beosh(1vire) ) (.32.16)
2
_ 1 Acosh(%\/ﬁ §)+B sinh(%/ﬁ f) 2 1 Acosh(%\/ﬁ f) +Bsinh(%\/ﬁ {) 2
v(§)=—2u-24 [z‘/M(Asinh@m £)+Beosh(VH¢) | 2 2 2\/1\_/1 Asinh(3VIT§)+Bcosh(3vM £) ) 2 ’
(.32.17)
_ Acosh(—\/_ f)+Bsmh( \/_f)
‘U(f) 2 +_ ;(Asmh( \/_§)+Bcosh(2\/_§) (:32.18)
IfM<O0:

Asin(%m €)+Bcos@m f) 2

_ — —Acos(lm §)+Bsin(lm {)
u(f) = %o +V-M < Asin(%f/m §)+B cos(;\/jll f) 4 ’ ('32.1 9)

_ 1 — —Acos(l\/TVI f)+Bsin(l\/W f) 2 1 — —Acos(w E)+B sin(lm f) 2 2
U(f) - _2# —22 [E —M < Asin(—\;/—M f)+Bcos(—\;2/—M 5) B 2 —2 2 —-M Asin(—\;z/—M E)+B cos(%zm 5) B 2|
—Acos(%\/TVI §>+Bsin(%\/m E) 2
A sin(%\/m f)+Bcos(%\/W f) ’

= a2 [ (i olen ) o)

v(&) = —2y+§—ﬂ< (.32.20)

2
IfM=0:
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(.32.21)
B p) B 172
v(©) = —2u =22 [ - z]z‘ A (:32.23)
AZ
v(é) = _2“+7_2(B;B+A) , (.32.24)
if M>0:
_ 1 Acosh(%\/ﬁ §)+Bsinh(%\/ﬁ§) 2
u({) B 2 [EW(Asinh(%\/M €)+Bcosh(%\/ﬁ§)> - 5] ('32.25)

)

o 1 Acosh(%\/ﬁ E)+Bsinh(%\/ﬁf) Al 1 Acosh(%\/ﬁ f)+Bsinh(%\/Mf) 2
U(f) =-2u-22 [E\/M<Asinh(%\/ﬁ §)+Bcosh(%\/ﬁf) 2 2 E\/M Asinh(%\/ﬁ §)+Bcosh(%\/ﬁ§) 2
(.32.26)
IfM=0:

_ . _ B _A
u(é) =a, 22 [5vs 2], (.32.27)
u(®) =ag— e + 4, (.32.28)
B A B 112
v(§)=-2pn-2A [B§+A - E] —2 [B§+A N E] ’ (:32.29)
22 B \?

v(E) = -2+ - Z(BM) , (.32.30)

The mirrorbranch(3.2.11) reproducesthe samethree caseswith a; = —2, givingthe sign-reversed counterparts of (3.2.25)-

(3.2.30) in the original derivation

Figure 3.2a solution profiles (3.2.17), left, and (3.2.16), right, plotted witha, =2,A=-3,u=-1,A=3,B=4,c=5.
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Figure 3. The (3.2.30) solution profile, plotted witha,=2,A=-3, y=-1,A=3,B=4,c=5.

Conclusion

Two nonlinear model systems the MDWW equations and the variant Boussinesq equation were treated here with the
(G'/G)-expansion procedure, yielding several previously unlisted closed-form traveling-wave families for each. Working
through both cases shows that the algebra involved stays manageable even as the number of solution branches grows,
which speaks to the practicality of the method rather thanjust its formalvalidity. A natural continuation would be to test
the same procedure against other nonlinear PDEs encountered in mathematical physics and applied analysis; that
extensionis left open for later work.
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  ( G ′ / G )


  ( G ′ / G )


  ( G ′ / G )


  ( G ′ / G )


  ( 𝑮 ′ / 𝑮 )


  P ( u   ,     u  t   ,     u  x   ,     u  t t   ,     u  x x   ,     u  x t , … ) = 0


  u = u ( x ,   t )


  P


  u


  u ( x ,   t ) = u ( 𝜉 )   ,       𝜉   =   𝜉   ( x ,   t )


  u ( 𝜉 )


  P ( u ,   u ′ ,   u ′ ′ ,   … ) = 0


    d  d 𝜉


  G ′ / G


  u ( 𝜉 )   =     ∑  i = 0  n    a  i      (     G ′  G )  i


    G  ′ ′  ( 𝜉 ) + 𝜆     G ′  ( 𝜉 ) + 𝜇   G ( 𝜉 ) = 0 ,


  D  [ u  ( 𝜉 ) ] = n ,


  ⟹


  D  [   u  r    (     d  q u  d   𝜉  q )  s ] = n r + s  ( q + n ) ,


  G ′ / G


    a  i ,   𝜆 ,   𝜇 ,   c   a n d   k .


    a  i ,   𝜆 ,   𝜇 ,   c   a n d   k .


    u  t = −  1 4   v  x x +  1 2    ( u v )  x


    v  t = −   u  x x − 2 u   u  x +  3 2 v   v  x


  u  ( x , t ) = u ( 𝜉 )   ,   v  ( x , t ) = v ( 𝜉 )   ,   𝜉 = k   ( x + 𝜔 t )


  −  1 4 k   v  ′ ′ +  1 2    ( u v ) ′ − 𝜔 u ′ = 0


  − k u ′ ′ − 2 u u ′ +  3 2 v v ′ − 𝜔 v ′ = 0


  k


  𝜔


    𝜉


    k 1 −  1 4 k v ′ +  1 2 ( u v ) − 𝜔 u = 0


    k 2 − k u ′ −   u 2 +  3 4   v 2 − 𝜔 v = 0


    k 1


    k 2


  u ( 𝜉 ) =   ∑  i = 0  n    a  i      (     G ′  G )  i


  v ( 𝜉 ) =     ∑  i = 0  m    b  i      (     G ′  G )  i


  G ( 𝜉 )


  n = m = 1


  u ( 𝜉 ) =   a 0 +   a 1  (     G ′  G )   ,   a 1 ≠ 0


  v ( 𝜉 ) =   b 0 +   b 1  (     G ′  G )   ,     b 1 ≠ 0


  ( G ′ / G )


     (   G ′  G ) 0 :   𝜔   a 0 +     a 0   b 0 2 +  1 4 k 𝜇   b 1 +   k 1 = 0


     (   G ′  G ) 1 :   𝜔   a 1 +     a 1   b 0 2 +  1 4 k 𝜆   b 1 +     a 0   b 1 2 = 0


     (   G ′  G ) 2 :     k   b 1 4 +     a 1   b 1 2 = 0


     (   G ′  G ) 0 :   −     a 0 2 + k 𝜇   a 1 + 𝜔   b 0 +   3     b  o 2 4 +   k 2 = 0


     (   G ′  G ) 1 :   k 𝜆   a 1 − 2   a 0   a 1 + 𝜔   b 1 +   3   b 0   b 1   2 = 0


     (   G ′  G ) 2 :   k   a 1 −     a 1 2 +   3     b 1 2 4 = 0


    a 0 =  1 2 ( 𝜆   a 1 − 𝜔 )


    a 1 =   a 1


    b 0 = 𝜆   a 1 − 𝜔


    b 1 = 2   a 1


    k 1 =  1 4 (   𝜔 2 − M     a 1 2 )


    k 2 =  1 2 (   𝜔 2 − M     a 1 2 )


  k = − 2   a 1


  u ( 𝜉 ) =  1 2 ( 𝜆   a 1 − 𝜔 ) +   a 1  (     G ′  G )   ,


  v ( 𝜉 ) = 𝜆   a 1 − 𝜔 + 2   a 1  (     G ′  G )   ,  


    𝜉 = − 2   a 1   ( x + 𝜔 t )


  M = 𝜆 ² − 4 𝜇


   ( M > 0 )


  u  ( 𝜉 ) =  1 2  [   a 1  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) − 𝜔 ]


  v  ( 𝜉 ) =   a 1  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) − 𝜔


   ( M < 0 )


  u  ( 𝜉 ) =  1 2  [   a 1  − M  (   − A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 )  A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 ) ) − 𝜔 ]


  v  ( 𝜉 ) =   a 1  − M  (   − A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 )  A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 ) ) − 𝜔


   ( M = 0 )


  u  ( 𝜉 ) =   a 1  (   B  B 𝜉 + A ) −   𝜔 2


  v  ( 𝜉 ) = 2   a 1  (   B  B 𝜉 + A ) − 𝜔


  B = 0 , A ≠ 0 ,   𝜆 > 0


  𝜇 = 0


  u  ( 𝜉 ) =  1 2  [   a 1 𝜆  coth ⁡   (   𝜆 2 𝜉 ) − 𝜔 ]


  v  ( 𝜉 ) =   a 1 𝜆  coth ⁡   (   𝜆 2 𝜉 ) − 𝜔


  B ≠ 0   w i t h       A 2 >   B 2 ,     𝜆   > 0


  𝜇 = 0


  u  ( 𝜉 ) =  1 2  [   a 1 𝜆  tanh ⁡   (   𝜆 2 𝜉 +   𝜉 0 ) − 𝜔 ]


  v  ( 𝜉 ) =   a 1 𝜆  tanh ⁡   (   𝜆 2 𝜉 +   𝜉 0 ) − 𝜔


    𝜉 0 =    tanh  − 1 ⁡   (   A  B )


    u  t +   v  x + u   u  x = 0 ,


    v  t + ( u v  )  x +   u  x x x = 0 ,


  𝜉 = x − c t


  − c   u ′ +   v ′ + u   u ′ = 0 ,


  − c   v ′ + u   v ′ +   u ′ v +   u  ′ ′ ′ = 0 ,


  n = 1 , m = 2


  u  ( 𝜉 ) =   a 0 +   a 1  (     G ′  G ) ,       a 1 ≠ 0 ,


  v  ( 𝜉 ) =   b 0 +   b 1  (     G ′  G ) +   b 2    (        G ′  G ) 2 ,             a 2 ≠ 0 ,  


  ( G ′ / G )


     (   G ′  G ) 0 : C   a 1 𝜇 −   a 0   a 1 𝜇 −   b 1 𝜇 = 0 ,


     (   G ′  G ) 1   : C   a 1 𝜆 −   a 0   a 1 𝜆 −   a 1 2 𝜇 −   b 1 𝜆 − 2   b 2 𝜇 = 0 ,


     (   G ′  G ) 2   : −   a 1 2 𝜆 + C   a 1 −   a 0   a 1 − 2   b 2 𝜇 −   b 1 = 0 ,


     (   G ′  G ) 3 : −   a 1 2 − 2   b 2 = 0 ,  


     (   G ′  G ) 0   : −   a 1   𝜆 2 𝜇 + C   b 1 𝜇 −   a 0   b 1 𝜇 −   a 1   b 0 𝜇 − 2   a 1   𝜇 2 = 0 ,  


     (   G ′  G ) 1   : −   a 1   𝜆 3 + C   b 1 𝜆 + 2 C   b 2 𝜇 −   a 0   b 1 𝜆 − 2   a 0   b 2 𝜇 −   a 1   b 0 𝜆 − 2   a 1   b 1 𝜇 − 8   a 1 𝜆 𝜇 = 0 ,


     (   G ′  G ) 2       : 2 C   b 2 𝜆 − 2   a 0   b 2 𝜆 − 2   a 1   b 1 𝜆 − 3   a 1   b 2 𝜇 − 7   a 1   𝜆 2 + C   b 1 −   a 0   b 1 −   a 1   b 0 − 8   a 1 𝜇 = 0 ,


     (   G ′  G ) 3   : − 3   a 1   b 2 𝜆 + 2 C   b 2 − 2   a 0   b 2 − 2   a 1   b 1 − 12   a 1 𝜆 = 0 ,


     (     G ′  G ) 4   : − 3   a 1   b 2 − 6   a 1 = 0


  C = C ,           a 0 =   a 0 ,       a 1 = 0 ,           b 0 =   b 0 ,             b 1 = 0 ,           b 2 = 0 ,


  C =   a 0 − 𝜆 ,           a 0 =   a 0 ,         a 1 = 2 ,         b 0 = − 2 𝜇 ,               b 1 = − 2 𝜆 ,       b 2 = − 2 ,


  C =   a 0 + 𝜆 ,           a 0 =   a 0 ,         a 1 = − 2 ,             b 0 = − 2 𝜇 ,               b 1 = − 2 𝜆 ,         b 2 = − 2 ,


  u  ( 𝜉 ) =   a 0 + 2  (     G ′  G ) ,


  v  ( 𝜉 ) = − 2 𝜇 − 2 𝜆  (     G ′  G ) −   2  (        G ′  G ) 2 ,


  𝜉 = x −  (   a 0 + 𝜆 ) t ,


  M > 0


  u  ( 𝜉 ) =   a 0 + 2  [  1 2  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) −   𝜆 2 ]


  u  ( 𝜉 ) =   a 0 +  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) − 𝜆


  v  ( 𝜉 ) = − 2 𝜇 − 2 𝜆  [  1 2  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) −   𝜆 2 ] −                                 2    [  1 2  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) −   𝜆 2 ] 2


  v  ( 𝜉 ) = − 2 𝜇 +     𝜆 2 2 −   M 2    (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) 2


  M < 0


  u  ( 𝜉 ) =   a 0 + 2  [  1 2  − M  (   − A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 )  A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 ) ) −   𝜆 2 ]


  u  ( 𝜉 ) =   a 0 +  − M  (   − A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 )  A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 ) ) + 𝜆


  v  ( 𝜉 ) = − 2 𝜇 − 2 𝜆  [  1 2  − M  (   − A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 )  A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 ) ) −   𝜆 2 ] − 2    [  1 2  − M  (   − A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 )  A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 ) ) −   𝜆 2 ] 2


  v  ( 𝜉 ) = − 2 𝜇 +     𝜆 2 2 −   ( − M ) 2    (   − A  cos ⁡   (  1 2  − M   𝜉 ) + B  sin ⁡   (  1 2  − M   𝜉 )  A  sin ⁡   (  1 2  − M   𝜉 ) + B  cos ⁡   (  1 2  − M   𝜉 ) ) 2


  M = 0


  u  ( 𝜉 ) =   a 0 + 2  [   B  B 𝜉 + A −   𝜆 2 ]


  u  ( 𝜉 ) =   a 0 +   2 B  B 𝜉 + A − 𝜆


  v  ( 𝜉 ) = − 2 𝜇 − 2 𝜆  [   B  B 𝜉 + A −   𝜆 2 ] − 2    [   B  B 𝜉 + A −   𝜆 2 ] 2


  v  ( 𝜉 ) = − 2 𝜇 +     𝜆 2 2 −   2  (   B  B 𝜉 + A ) 2


  M > 0


  u  ( 𝜉 ) =   a 0 − 2  [  1 2  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) −   𝜆 2 ]


  v  ( 𝜉 ) = − 2 𝜇 − 2 𝜆  [  1 2  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) −   𝜆 2 ] −                 2    [  1 2  M  (   A  cosh ⁡   (  1 2  M   𝜉 ) + B  sinh ⁡   (  1 2  M   𝜉 )  A  sinh ⁡   (  1 2  M   𝜉 ) + B  cosh ⁡   (  1 2  M   𝜉 ) ) −   𝜆 2 ] 2


  M = 0


  u  ( 𝜉 ) =   a 0 − 2  [   B  B 𝜉 + A −   𝜆 2 ]


  u  ( 𝜉 ) =   a 0 −   2 B  B 𝜉 + A + 𝜆


  v  ( 𝜉 ) = − 2 𝜇 − 2 𝜆  [   B  B 𝜉 + A −   𝜆 2 ] − 2    [   B  B 𝜉 + A −   𝜆 2 ] 2


  v  ( 𝜉 ) = − 2 𝜇 +     𝜆 2 2 −   2  (   B  B 𝜉 + A ) 2


  a ₁ = − 2


   (   G ′  G )

