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Abstract

In this paper, we introduce a new type of compact spaces called f-compact spaces in a Pythagorean fuzzy
topological space, using Pythagorean fuzzy -open sets, we study some of their properties and discuss
the relationship between these spaces and other types of compactness. We have reached many results,
such as every Pythagorean fuzzy strongly compact space X which satisfy the condition "every
Pythagorean fuzzy f-open set of X is denes" is compact.
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Introduction

The concept of fuzzy sets was introduced by Zadeh in his classic paper [1]. The theory of fuzzy topological spaces was
introduced and developed by Chang [2]. Atanassov [3] introduced the notion of intuitionistic fuzzy sets, and Coker [4]
introduced the intuitionistic fuzzy topological spaces. Yader [5,6] introduced the notion of Pythagorean fuzzy subsets,
which is a new class of non-standard fuzzy subsets and which has many effective applicants natural and social sciences
[7]. Compactness in Pythagorean fuzzy topological spaces was introduced by Haydar. This paper aims to study the
concept of Pythagorean fuzzy f-compact space, Pythagorean fuzzy Strongly compact space, Pythagorean fuzzy quasi
H-closed space and Pythagorean fuzzy Extremally disconnected topological space. In [8] we study the relation between
sets in a Pythagorean fuzzy topological space. We know that every Pythagorean fuzzy preopen set is Pythagorean fuzzy
f-open set, in this paper, we studied the necessary and sufficient condition that makes every Pythagorean fuzzy f-open
set is a Pythagorean fuzzy preopen set.

1- Preliminaries:
We recall some basic notions of Intuitionistic fuzzy topology spaces and Pythagorean fuzzy Topological Spaces.
Definition 2-1:[3]
Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS for short) 4 in X is defined by
A = {{x,us(x),v4(x)) : x € X}. Where the functions p,: X = [0,1] and v,4: X — [0, 1] denote the degree of membership
(namely p,(x)) and the degree of non-membership (namely v,(x) ) of each element x € X to the set 4, respectively. And
0 < py(x) + v4(x) < 1 for each x € X. Denote by IFS (X) the set of all intuitionistic fuzzy sets in X.
Definition 2-2: [5,6]
A Pythagorean fuzzy subset A of a non-empty set X is a pair A = (uy, 9,) of a membership function p,: X — [0,1]
and a non-membership function 94:X — [0,1] , 0 < p5(x) +9Z(x) <1 for each element x € X. Supposing u3(x) +
92(x) < 1, then there is a degree of indeterminacy of x € X to A defined by m,(x) = /1 — [1Z(x) + 92(x)] and m,(x) €
[0,1]. We denote the set of all Pythagorean fuzzy subsets over X by PFS(X).
Definition 2-3: [5,6]
Let A = (uy,9,4) and B = (ug, 9p) be two Pythagorean fuzzy subsets of a set X. Then,

i- The complement of A is defined by A° = (9, us).

ii-A U B = (max{uy, ug}, min{9,,9g}).

iii- A N B = (min{u,, g}, max{9,,9g}).

iv- We say A is a subset of B if uy = pp and 9, < 9p, for each x € X and write A € B..
Definition 2-4: [7]

Let X be a non-empty fixed set, and let 7 be a family of Pythagorean fuzzy subsets of X. If
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i- 01€r.
ii- For any 4;,A, € t, wehave 4; N4, € 7.

iii- U A; € 7 for any arbitrary family {4;;i € I} S 7.

In this case, the pair (X, 7) is called a Pythagorean fuzzy topological space (PFTS for short), and each Pythagorean
fuzzy subset in t is known as a Pythagorean fuzzy open set (PFOS for short) in X. The complement of a Pythagorean
fuzzy open subset is called a Pythagorean fuzzy closed subset.

Definition 2-5: [9]
Let (X, 7) is a Pythagorean fuzzy topological space and A be a Pythagorean fuzzy subset in X. Then the fuzzy
interior and fuzzy closure of A are defined by
int (A) = U {U; U is a Pythagorean fuzzy open subset in X and U € A}
And
cl (A) = n{K; K is a Pythagorean fuzzy closed subsetin X and A € K}
Definition 2-6: [8]

Let A be a PFS in a PFTS X. A is called a Pythagorean fuzzy f-open set (PFBOS in short) of X if A S
cl(int(cl(A))).The complement of a Pythagorean fuzzy B-open (semi preopen) set (PFBOS in short) is called a
Pythagorean fuzzy f-closed set (PFSCS in short) of X.

Definition 2-7: [10]
Let A be a PFSin a PFTS X. A is called a Pythagorean fuzzy a-open set (PFaOS in short) of X if A € int(cl(int(A))).
The complement of a Pythagorean fuzzy a-open set is called a Pythagorean fuzzy a-closed set (PFaCS in short) of X.

Definition 2-8: [11]
Let A be a PFS in a PFTS X. A is called a Pythagorean fuzzy semi-open set (PFSOS in short) of X if A € cl(intA), A
Pythagorean fuzzy subset B is called a Pythagorean fuzzy semi-closed set iff int(cIB) € B.
Definition 2-9: [6]
Let A be a PFS in a PFTS (X, 7). A is called
1) a Pythagorean fuzzy preopen set (PFPOS in short) if A € int(cl(A)),
2) a Pythagorean fuzzy pre-closed set (PFPCS in short) if cl(int(4)) € A.
Definition 2-10:
Let (X,7) is a Pythagorean fuzzy topological space and A be a Pythagorean fuzzy subset in X. Then the fuzzy
Pinterior and fuzzy f-closure of A are defined by
Bint (A) =U {U; U is a Pythagorean fuzzy fopen subset in X and U € A}
And
Bcl (A) =n {K; K is a Pythagorean fuzzyf closed subsetin X and A € K}.
Theorem 2-11:

Let A be a PFS in a PFTS X. A is Pythagorean fuzzy f-open set of X iff there exists a preopen set B such that
B C A C cl(B).

Proof:

Suppose that 4 is a Pythagorean fuzzy f open set. By definition, 4 E cl(int(cl(4))), let B = int(cl(A)), since

every Pythagorean fuzzy set of the form int(cl(A)) is preopen, B is a preopen set. moreover, B € A, and A S cl(B).
Hence B € A € cl(B).
Conversely, suppose that for Pythagorean fuzzy set A there exists a Pythagorean fuzzy preopen set B such that B € A €
cl(B). Since B is Pythagorean fuzzy preopen, B E int(cl(B)). Taking closure on both sides gives cl(B) &
cl(int(cl(B))) < int(cl(A)) . Applying the closure operator cl(int(cl(B))) € cl(int(cl(A))). Therefore AC
cl(int(cl(A))), which is exactly the definition of Pythagorean fuzzy B-open set. Hence, 4 is Pythagorean fuzzy f-open
set.
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Theorem 2-12: [8]
For A Pythagorean topological space X
PFOS (PECS)

PFaOS (PFaCS)

\

PFPOS (PFPCS) PFSOS (PFSCS)

\ /

PEBOS (PFBCS)
Definition 2-13: [7]

Let (X,7) and (Y,7) be two Pythagorean fuzzy topological spaces and let f: X — Y be a function. Then, f is
said to be Pythagorean fuzzy continuous if for any Pythagorean fuzzy subset 4 of X and for any neighborhood V of f[A]
there exists a neighborhood U of A such that f[U] € V.

Theorem 2-14: [7]
Let (X,7) and (Y,7) be two Pythagorean fuzzy topological spaces. A function f:X — Y is Pythagorean fuzzy
continuous iff for each open Pythagorean fuzzy subset? B of Y we have f [B] is an open Pythagorean fuzzy subset of X.
2- f-compactness in Pythagorean fuzzy topological space
Definition 3-1: [9]

A Pythagorean fuzzy topological space X is called a Pythagorean fuzzy compact space if every open cover of
X has a finite subcover, that is, if for every open cover {Us}ses of the space X There exists a finite set {s,;,...,S5x} €S
such that X = Us, U Uy, U ..U Us,.

Definition 3-2:

A Pythagorean fuzzy topological space X is called a f-compact space if every f-open the cover of X has a finite

subcover.
Definition 3-3:

A Pythagorean fuzzy topological space X is called a strongly compact space if every preopen cover of X has a

finite subcover.
Definition 4-3:

A Pythagorean fuzzy topological space X is called a quasi H-closed space if for every open cover {U;};¢;, we can
write X = UL, cl(U).
Definition 3-5:

A Pythagorean fuzzy space X is called Extremally disconnected Pythagorean topological space( E.D) if cl(U) €
T,VUET.

Definition 3-6:

A Pythagorean topological space X is called Hausdorff space, or T, if for any two distinct points x,y € X there
are open sets U,V suchthatx e U,y eV, UNV =@
Theorem 3-7:

If a Pythagorean fuzzy topological space X is E.D, then the closure of every Pythagorean fuzzy f-open set of X
is open
Proof:

Assume that X is a Pythagorean topological space extremally disconnected, i.e., c/(U) is Pythagorean fuzzy
open whenever U is a Pythagorean fuzzy open set. let A be any Pythagorean fuzzy semi-preopen subset of X. By
Theorem (2-11) there exists a Pythagorean fuzzy preopen set B such that B € A € cl(B), since B € A, we have cl(B) €
cl(A). Also, from A S cl(B), we have cl(4) < cl(cl(B)) = cl(B), hence cl(A) = cl(B). because B is a Pythagorean fuzzy
preopen set, then B Cint(cl(B)). Put U=int(cl(B)) thenU is Pythagorean fuzzy openand B ESUC
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cl(B).therefore cl(U) = cl(B). since U is Pythagorean fuzzy open and X is E.D., then cl(U) is open. Thus, the closure of
every Pythagorean fuzzy f-open set of X is open.
Theorem 3-7:

A Pythagorean fuzzy topological space X is E.D, iff for every pair of Pythagorean fuzzy open sets 4,B. cl(AN
B) = cl(A) ncl(B).

Proof:

= Assume that X is a Pythagorean fuzzy extremally disconnected, and let 4, B be Pythagorean fuzzy open
subsets of X. since cl(B) is Pythagorean fuzzy open, we use the well-known fact [A N cl(B) € cl(4 N B)], then we have
cl(A) ncl(B) Scl(cl(A)NB) S cl(ANnB). The reverse inclusion cl(ANB) S cl(A)Nncl(B). Always holds by
monotonicity of the closure operator. therefore cl(4) N cl(B) = cl(A N B)

& Assume that cl(4) N cl(B) = cl(4 N B) for every pair of Pythagorean fuzzy open subsets 4, B, let A be any
Pythagorean fuzzy open subset of X. To show that cl(4) is Pythagorean fuzzy open, let x € cl(4). Choose any
Pythagorean fuzzy open neighborhood B of x, since x € cl(A) N cl(B), the hypothesis gives x € cl(4) N cl(B) = cl(AN
B), thus AN B # @, hence x € int(cl(4)), since x was arbitrary, cl(4) S int(cl(A)) S cl(A), consequently int(cl(4)) =
cl(A), so cl(A) is Pythagorean fuzzy open set, therefore X is extremally disconnected.

Lemma 3-8:
Let A € B such that B is Pythagorean fuzzy a-open in X, then A € PFBO(B) < A € PFFO(X).
Proof:
since B is a-Pythagorean fuzzy open in X , for every subset A & B we have fclg(A) = Bclx(A) N B.
Assume first that A € PFBO(B). Then A € clg (intB (clB (A)))
Using that hereditary property of f openness with respect to @ Pythagorean fuzzy open subspaces, we obtain
clg (intB(clB(A))) =cly (intx(ch(A))) NnB
Hence A < cly (intX(ClX(A))). Which shows that A € SO (X).
Conversely, suppose that A € fO(X) , then 4 € cly (intX (clx (A))). Intersecting both sides with B and using A € B, we
get A € cly (intx(ch(A))) N B. Again , since B is a-open, cly (intx(ch(A))) N B = clg (intB(CZB (A))). Therefore A <
cly (intB(clB (A))) , and thus A € PFBO(X), There fore A € PFRO(B) < A € PFBO(X).
Lemma 3-9:
For a Pythagorean topological space X, the following statements are equivalent:
1- A space X is E.D
2- If A€ PFSO(X,7)and B € PFRO(X, 1) then cl(A) N cl(B) = cl(AN B).
3-  If A€ PFSO(X,t) and B € PFRO(X,7) then AN B € BO(X, 7).
Proof:
1= 2:letA € PFSO(X)and B € PF[0(X) By theorem (3-7) cl(B)is open in X , and we obtain
cl(A)ncl(B) c cl(int(A)) Nncl(B) € cl(int(A) n cl(B)) Ccl(AnB).
Therefore, we have cl(A) N cl(B) = cl(A N B).
2= 3:letA € PFSO(X) and B € PFBO(X). Then, we have
ANB Ccl(int(A)) N cl(int(cl(B)) = cl(int(A)) n int(cl(B))
= cl(int(A n cl(B)) < cl(int(cl(A)) N cl(B) = cl(int(cl(A N B)))
This shows that AN B € PFRO(X)
3 = 1:itis enough to show cl(4) N cl(B) = cl(A n B) for all Pythagorean fuzzy open sets A and B
Let A and B be any Pythagorean fuzzy open sets of X. then, c/(A) and cl(B) are Pythagorean fuzzy semi open and hence
cl(A) ncl(B) € PFBO(X). Therefore, we have
cl(A) N cl(B) € cl(int(cl(4) N B)) = cl(int(cl(4) 0 int(cl(B))) € cl (cl(A) N int(cl(B))) € cl(A N int(cL(B))
Ccl(Ancl(B)) S cl(AnB)
Consequently, we obtain cl(A) N cl(B) = cl(A N B).
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Lemma 3-10:

For a Pythagorean topological fuzzy space X, the following conditions are equivalent:
1- A space X is E.D

2-  PFBO(X) = PFPO(X)

3-  Forevery A € PFRO(X) thencl(4) €

4-  Forevery A € PFPO(X) then fcl(4) €

Proof:
1=> 2 : Assume that X is extremally disconnected, and 4 is Pythagorean fuzzy f-open set, then A < cl(int(cl(A))), but
U is Pythagorean fuzzy open set in X ,then cl(U) is Pythagorean fuzzy open and U = int (cl(A)). Moreover U < cl(A).
hence cl(U) € cl(A), since cl(U) is Pythagorean fuzzy open set , we have cl(U) < int(cl(A)), it follows that A <
int(cl(A)). Therefore A is Pythagorean fuzzy preopen set i.e. PFF0(X) € PFPO(X), but PFPO(X) € PFBO(X) from
theorem (2-12) consequently PFS0(X) = PFPO(X).
2 = 3 : Assume that PFBO(X) = PFPO(X).let A € PFBO(X). Then A € PFPO(X), since 4 is Pythagorean fuzzy preopen
set A € int(cl(A4))., also int(cl(A)) is Pythagorean fuzzy open and dance in cl(A). hence cl(4) = cL(int(cl(4))) .Now
int(cl(A)) is open, by equality in (2), the closure of every Pythagorean fuzzy f-open set is Pythagorean fuzzy open.
therefore cl(4) € t.
3 = 4: Assume that A € PFFO(X) and cl(A4) € 7,let A € PFPO(X), BY theorem (2-12) every Pythagorean fuzzy preopen
set is Pythagorean fuzzy f-open, by (3) cl(4) € 7.
Since cl(A4) is Pythagorean fuzzy open and contains A, the f-Pythagorean fuzzy closure of A conincides with its ordinary
closure. Therefore, Bcl(A) = cl(A). Hence Bcl(A) € .
4 =1 : Assume that A € PFPO(X) ,fcl(A) € 7, and let U be any arbitrary Pythagorean fuzzy open subset of X. By
theorem (2-12) every Pythagorean fuzzy open set is Pythagorean fuzzy preopen, therefore, U € PFPO(X), by( 4 )
Bcl(U) € 1, for a Pythagorean fuzzy open set U, Bcl(U) = cl(U).Hence cl(U) € t. Thus the closure of every Pythagorean
fuzzy open set is Pythagorean fuzzy open. Therefore X is Pythagorean fuzzy extremally disconnected.
Remark 3-11: Since T € PFBO(X, 1), then every f-compact space is compact.
Theorem 3-12:

Every Pythagorean fuzzy -closed set in a f-compact space is a f-compact set.
Proof:

let A be a Pythagorean fuzzy f-closed setin a f-compact space X, and let {U; : i € I} be a Pythagorean fuzzy S-
open cover of the space X. Since A4 is a Pythagorean fuzzy f-closed set then, X / A is Pythagorean fuzzy -open set and
the family {U; : i € [} U {X / A } is a Pythagorean fuzzy f-open cover of the space X, since X is f-compact space so, X =

iU U (X /A) thismeans A € Uj-, U;, so A is f-compact.
Theorem 3-13:

Let X be a Pythagorean fuzzy topological space, B is f-compact set and U is Pythagorean fuzzy f-open set such
that U € B then B \ U is f-compact.
Proof:

Let {U; : i € I} be a Pythagorean fuzzy f-open cover of B \ U then, {U; : i € I} is Pythagorean fuzzy fS-open
cover of the set B and since B is f-compact then, B € Ui, U; U (U) . But B = (B\ U) U (U) € Ui~ U; U (U) this means
(B\U) € UL, U; hence B \ U is f-compact.

Theorem 3-14:

Let X be a Pythagorean fuzzy topological space, F is Pythagorean fuzzy [-closed set and A4 is [-compact set
then A N F is f-compact.
Proof:

Let{U; : i € I} be Pythagorean fuzzy -open cover of AN F in X, thismeans ANF S U;e; U; thusA= (ANF) U
(A\F) € (U;e; Up) U (X\F). since F is Pythagorean fuzzy f-closed then X\F is Pythagorean fuzzy f-openin X therefore
{U; : i € I} U {X\F} is Pythagorean fuzzy B-open cover of A ,and since Ais f-compact then A = (Ui, U;) U (X\F)so, AN
F € UX,U;. Thus ANF is f-compact.
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Theorem 3-15:

Let B € X, where B is Pythagorean fuzzy a-open and let A € B ,then A is ff-compact setin B & A is f-compact

setin X.

Proof:

=: Let {U; : i € I} be Pythagorean fuzzy f-open cover of A in B thatis A € U;¢; U;, and by lemma (3-8) for every i € |
we have U; = V; N B where V; € PFBO(X),V i € I therefore {V; : i € I} be Pythagorean fuzzy -open cover of 4 in X and
since A is B-compact then A € UL, V; then A € (UL, V) n B = UL,(V; N B) = UL, U; Thus A is f-compact in B.

<: Let {U; : i € I} be Pythagorean fuzzy B-open cover of 4 in X. Then {U; N B : i € I} be Pythagorean fuzzy f[-open
cover of A in B, but B is Pythagorean fuzzy a-open in X and f-compactin B, then A € Uj-,(U; N B) = Uj-, U; . Thus A
is f-compact in X.

Theorem 3-16:

Let(X,1,), (Y, 7,)be two Pythagorean fuzzy topological spaces and f:X — Y a Pythagorean fuzzy continuous
surjection. If (X, 7,) is Pythagorean fuzzy § compact, then, (Y, 1) is a Pythagorean fuzzy compact.

Proof. Let {U; : i € I} be Pythagorean fuzzy B-open cover of Y . Then by Theorem (2.14) {f “*(U;) : i € I}is a Pythagorean

fuzzy open cover of X, too. Since Xis Pythagorean fuzzy fcompact, then there exists a finite subfamily

{U; :i=12,..,n}such that U f~1(U;) = 15 . From the subjectivity of f we obtain(U, f~*(U;)) € UL, fF(f 2 (Uy)) =
*,U; =1y. Hence (Y, 1,) is Pythagorean fuzzy f-compact.

Theorem 3-17:

If A is a f-compact subset of a Pythagorean Hausdorff space X and x & A, then there exist two Pythagorean
fuzzy opensets U,V suchthatx €U, ASVand UNV = @.
Proof:

Let X be a Pythagorean fuzzy Hausdorff space, A is Pythagorean fuzzy f-compact set. For any two points
x,awhere x € X\A and a € A there exist two Pythagorean fuzzy open sets U,,V, such that a € Uyand x €
V. ,U;, NV, = @. Itis clear that {Ual., a€Ai€el } Pythagorean fuzzy open cover of the Pythagorean fuzzy set A and since
A is a f-compact then 4 € Ui, Ug ;-

Let U = UL, U, ;» then U is Pythagorean fuzzy open. On the other hand, we have x € I, ,i € I then ne, V% ; =
V is Pythagorean fuzzy open and since V;,, N U,; = @,Vi € thenUNV =@ where x€U,ACV.

Lemma 3-18:

Let X be Pythagorean fuzzy Hausdorff space, then PFF0(X) = PFPO(X).
Proof:

Let A € PFBO(X), x € X\int(cl(A)) and we take y € int(cl(A)) . Since x # y and X is a T, space, there exist two
Pythagorean open sets U,V such that x € Uand y €V ,U NV = @. Let V = int(cl(A) then U Nint(cl(4) = O,Vx €
X\int(cl(4)) therefore  x & cl ((int(cl(4))), Vx € X\int(cl(4)) and so, x € X\cl(int(cl(4))) = X\int(cl(4))
X\cl ((int(ct(4))) = cl (int(cl(4))) € int(cl(4)). ~ Since A € PFRO(X)  then  AC int(cl(4) < A€ PFPO(X)
so, PFBO(X) € PFPO(X) and we have always PFPO(X) € PFBO(X), thus PFBO(X) = PFPO(X).

Remark 3-19:

Every Pythagorean fuzzy T, Strongly compact space is f-compact space
Lemma 3-20:

Let (X, ) be a Pythagorean fuzzy topological space satisfies the following property: Every Pythagorean fuzzy
B-open set is dens in this space then PFB0(X) = PFPO(X)

Proof:

Let A € PFBO(X) be densin (X, 7). Suppose that 4 is not Pythagorean fuzzy open then, A € int(cl(A) this means
A\int(cl(A) # @, thatisIx € A: x & int(cl(A) S cl(4), VU € 1\{@} . Since x € U then, U & cl(A) and so, either cl(4) S
Uor Uncl(A) = @. If cl(A) € U this is a contradiction with the dens hypothecs.

If Uncl(4) = @ then, UNA = @ also this is a contradiction with the dens hypothecs. Thus A € PFPO(X) and
so, PFFO(X) € PFPO(X) and we have always PFPO(X) € PFB0(X). Hence PFS0O(X) = PFPO(X).

Remark 3-21:
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If X is a Pythagorean fuzzy Strongly compact space such that every Pythagorean fuzzy f-open set in X is dens,

then X is f-compact.
Theorem 3-22:

Every f-compact set in Pythagorean fuzzy Hausdorff space is Pythagorean fuzzy f-closed.
Proof:

Let X be a Pythagorean fuzzy Hausdorff space, A is f-compact subset in X. By theorem (3-17) for any x ¢ A
there exist two Pythagorean fuzzy open sets U, V suchthatx €U, ASVand UNV =0.Since ASV,thenUNA=
@ so, x & cl(A) but fcl(A) € cl(A) = x & Bcl(4). Thus fcl(A) € A and hence, A is Pythagorean fuzzy f-closed.
Theorem 3-23:

If X is Pythagorean fuzzy E.D and Strongly compact space then, X is f-compact space.

Proof:

Let {U; : i € I} be Pythagorean fuzzy f-open the cover of X.By Lemma (3-10) the last cover is a Pythagorean
fuzzy preopen cover of X with a finite subcover (because X is a Pythagorean fuzzy strongly compact space). Hence X is
B-compact space.

Theorem 3-24:

If X is Pythagorean fuzzy E.D and f-compact space then X is a quasi-H-closed space.
Proof:

Let {U; : i € I} be a Pythagorean fuzzy open cover of X. Since X is Pythagorean fuzzy E.D space then, cl(U;) €
7,Vi € I The family {cl(U;) : i € I} is both a Pythagorean fuzzy open cover and a Pythagorean fuzzy f-open the cover
of X. Since X is f-compact then X = U}, cl(U;). Hence X is quasi H-closed space.
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