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Abstract 

The purpose of this paper is to introduce and study the notion of Pythagorean Neutrosophic 𝛼 -separation 

axioms ( 𝛼 -𝑇𝑖 spaces, for 𝑖 = 0,1,2). As well, several of their properties are established. In addition, we 

define the concepts of Pythagorean Neutrosophic 𝛼 -regular and 𝛼 -normal spaces.   
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Introduction 

In 1965, Zadeh [1] introduced the concept of a fuzzy set. In 1968, Chang [2] introduced the notion of fuzzy topological 

spaces, establishing some fundamental concepts in general topology, in 1986, Atanassov [3,4] proposed the intuitionistic 

fuzzy set as a generalized version of a fuzzy set.  A decade later, Florentin Smarandache [5] developed and investigated 

the intuitionistic fuzzy set by incorporating a new philosophical framework. Subsequently, the concept of the 

Neutrosophic topological space was defined by Salama and Alblowi [6]. In 2013, [7,8] Yager introduced the Pythagorean 

fuzzy set based on Pythagorean membership grades. Following this, researchers such as Shena and Nirmala [9] explored 

properties of Pythagorean Neutrosophic open sets, 𝛼 - open sets, and other related notions, further enriching the 

theoretical framework of these concepts. separation axioms have been extensively studied in neutrosophic topological 

spaces [10, 11,12,13], but their formulation in the framework of Pythagorean neutrosophic topology has not been 

sufficiently explored. In this paper, we employ the notion of Pythagorean Neutrosophic 𝛼 − open set to introduce and 

investigate the concept of 𝛼 - separation axioms in Neutrosophic Fuzzy Topological Space. Besides presenting some of 

their fundamental properties, we also define the concepts of Pythagorean Neutrosophic 𝛼-regular and Pythagorean 

Neutrosophic 𝛼-normal space.  Moreover, several related results are established and proved.   

 

1. Preliminaries 

Definition 2.1: [7] A Pythagorean Fuzzy Subset 𝐴 of a non-empty set 𝑋 is a pair 𝐴 = (𝜇𝐴, 𝜗𝐴) of a membership function 

𝜇𝐴: 𝑋 → [0,1] and a non-membership function 𝜗𝐴: 𝑋 → [0,1], 0 ≤ 𝜇𝐴
2(𝑥) + 𝜗𝐴

2(𝑥) ≤ 1 for each element 𝑥 ∈ 𝑋. 

Supposing 𝜇𝐴
2(𝑥) + 𝜗𝐴

2(𝑥) ≤ 1, then there is a degree of indeterminacy of 𝑥 ∈ 𝑋 to 𝐴 defined by 𝜋𝐴(𝐴) =

√1 − [𝜇𝐴
2(𝑥) + 𝜗𝐴

2(𝑥)] and 𝜋𝐴(𝑥) ∈ [0,1].  We denote the set of all Pythagorean fuzzy subsets over 𝑋 by 𝑃𝐹𝑆(𝑋). 

Definition 2.2: [9] Let 𝑋 be a non-empty set.  Then 𝐴 is said to be a Neutrosophic set (NS) of 𝑋 if it is an object having 

the form 𝐴 = {〈𝑥, 𝜇𝐴, 𝜎𝐴, 𝛾𝐴〉: 𝑥 ∈ 𝑋}, were the function 𝜇𝐴: 𝑋 → [0,1], 𝜎𝐴: 𝑋 → [0,1] and 𝛾𝐴: 𝑋 → [0,1] denote the degree of 

membership (namely 𝜇𝐴(𝑥)), degree of indeterminacy (namely 𝜎𝐴(𝑥)) and degree of non-membership (namely 𝛾𝐴(𝑥)) of 

each element 𝑥 ∈ 𝑋 to the set 𝐴, and satisfies the condition, 0 ≤ 𝜇𝐴(𝑥) + 𝜎𝐴(𝑥) + 𝛾𝐴(𝑥) ≤ 3 for each 𝑥 ∈ 𝑋. 

Definition 2.3: [14] Let 𝐴 and 𝐵 be NSs of the form  

𝐴 = {〈𝑥, 𝜇𝐴(𝑥), 𝜎𝐴(𝑥), 𝛾𝐴(𝑥)〉: 𝑥 ∈ 𝑋}, and  𝐵 = {〈𝑥, 𝜇𝐵(𝑥), 𝜎𝐵(𝑥), 𝛾𝐵(𝑥)〉: 𝑥 ∈ 𝑋}.  Then  

1) 𝐴 ⊆ 𝐵 ⟺ 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥), 𝜎𝐴(𝑥) ≥ 𝜎𝐵(𝑥) and 𝛾𝐴(𝑥) ≥ 𝛾𝐵(𝑥). 

2) 𝐴𝑐 = {〈𝑥, 𝜎𝐴(𝑥), 𝜇𝐴(𝑥), 𝛾𝐴(𝑥)〉: 𝑥 ∈ 𝑋}. 
3) 𝐴 ∩ 𝐵 = {〈𝑥, 𝜇𝐴(𝑥) ∧ 𝜇𝐵(𝑥), 𝜎𝐴(𝑥) ∨ 𝜎𝐵(𝑥), 𝛾𝐴(𝑥) ∨ 𝛾𝐵(𝑥)〉: 𝑥 ∈ 𝑋}. 
4) 𝐴 ∪ 𝐵 = {〈𝑥, 𝜇𝐴(𝑥) ∨ 𝜇𝐵(𝑥), 𝜎𝐴(𝑥) ∧ 𝜎𝐵(𝑥), 𝛾𝐴(𝑥) ∧ 𝛾𝐵(𝑥)〉: 𝑥 ∈ 𝑋}. 
5) 0 = {〈𝑥, 0,1,1〉: 𝑥 ∈ 𝑋}, and 1 = {〈𝑥, 1,0,0〉: 𝑥 ∈ 𝑋}. 
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Definition 2.4: [14] Let 𝑓 be a mapping from an ordinary set 𝑋 into an ordinary set 𝑌.  If  𝐴 = {〈𝑥, 𝜇𝐴(𝑥), 𝜎𝐴(𝑥), 𝛾𝐴(𝑥)〉: 𝑥 ∈

𝑋} is a 𝑁𝑆 in 𝑌, then the inverse image of 𝐴 under 𝑓 is an NS defined by 𝑓−1(𝐴) = {〈𝑥, 𝑓−1𝜇𝐴(𝑥), 𝑓−1𝜎𝐴(𝑥), 𝑓−1𝛾𝐴(𝑥)〉: 𝑥 ∈

𝑋}. 

The image of NS 𝐵 = {〈𝑦, 𝜇𝐵(𝑦), 𝜎𝐵(𝑦), 𝛾𝐵(𝑦)〉: 𝑦 ∈ 𝑌} under 𝑓 is a NS defined by  

𝑓(𝐵) = {〈𝑦, 𝑓𝜇𝐵(𝑦), 𝑓𝜎𝐵(𝑦), 𝑓𝛾𝐵(𝑦)〉: 𝑦 ∈ 𝑌} where 

𝑓(𝜇𝐵)(𝑦) = {
𝑠𝑢𝑝𝑥∈𝑓−1(𝑦)𝜇𝐵(𝑥),          𝑖𝑓               𝑓−1(𝑦) ≠ 0                     

0,                                                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                     
 

          𝑓(𝜎𝐵)(𝑦) = {
𝑖𝑛𝑓𝑥∈𝑓−1(𝑦)𝜎𝐵(𝑥),            𝑖𝑓                 𝑓−1(𝑦) ≠ 0            

0,                                                             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒          
 

           𝑓(𝛾𝐵)(𝑦) = {
𝑖𝑛𝑓𝑥∈𝑓−1(𝑦)𝛾𝐵(𝑥),          𝑖𝑓                  𝑓−1(𝑦) ≠ 0                              

0,                                                             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                             
 

For each 𝑦 ∈ 𝑌. 

Definition 2.5: [15] Let 𝑋 be a non-empty set.  Then 𝐴 is said to be a Pythagorean Neutrosophic set (PN) of 𝑋 there is a 

𝐴 = {〈𝑥, 𝜇𝐴, 𝜎𝐴, 𝛾𝐴〉: 𝑥 ∈ 𝑋} where the function 𝜇𝐴: 𝑋 → [0,1], 𝜎𝐴: 𝑋 → [0,1], and 𝛾𝐴: 𝑋 → [0,1] denote the degree of 

membership (namely 𝜇𝐴(𝑥)), degree of indeterminacy (namely𝜎𝐴(𝑥) and degree of non-membership (namely 𝛾𝐴(𝑥)) of 

each element 𝑥 ∈ 𝑋 to the set 𝐴, and satisfies the condition 0 ≤ 𝜇𝐴(𝑥)2 + 𝜎𝐴(𝑥)2 + 𝛾𝐴(𝑥)2 ≤ 2. 

Definition 2.6: [15] A Pythagorean Neutrosophic Topology (PNT) on a non-empty fixed set 𝑋 is a family of 𝜏 of 

Pythagorean Neutrosophic sets in 𝑋 satisfying the following conditions: 

i. 0,1 ∈ 𝜏. 
ii. ∀ 𝐴1, 𝐴2 ∈ 𝜏, we have 𝐴1 ∧ 𝐴2 ∈ 𝜏. 

iii. ∪𝑖∈𝐼 𝐴𝑖 ∈ 𝜏 for any arbitrary family {𝐴𝑖; 𝑖 ∈ 𝐼} ⊆ 𝜏. 

 In this case the pair (𝑋, 𝜏) is called a Pythagorean Neutrosophic Topological space (PNTS) and each Pythagorean 

Neutrosophic subsets in 𝜏 is known as a Pythagorean Neutrosophic open set (PNOS) in 𝑋.  The complement of an open 

Pythagorean Neutrosophic subsets is called a closed Pythagorean Neutrosophic subsets. 

Definition 2.7:[15] Let (𝑋, 𝜏) be a PNTS and 𝐴 be a PNS over 𝑋 

1) Pythagorean Neutrosophic interior of 𝐴 (PNint(A)) is the union of all Pythagorean Neutrosophic open sets of 𝑋 

contained in 𝐴.  That is,  

               PNint(𝐴) =∪ {𝐺: 𝐺 is a PNO set in 𝑋 and 𝐺 ⊆ 𝐴}. 

2) Pythagorean Neutrosophic closure of 𝐴 (PNcl(A)) is the intersection of all Pythagorean Neutrosophic closed 

sets of 𝑋 containing 𝐴.  That is  

                  PNcl(𝐴) =∩{𝐻: 𝐻 is a PNC set in 𝑋 and 𝐴 ⊆ 𝐻}. 

Definition 2.8: [16] Let 𝑋 be a non-empty set.  If 𝑎, 𝑏, 𝑐 are real standard or non-standard subset of [0,1], then the 

Pythagorean Neutrosophic set 𝑥𝑎,𝑏,𝑐 is said to be Pythagorean Neutrosophic point (PNP) in 𝑋 and it is given by:  

𝑥𝑎,𝑏,𝑐(𝑥𝑝) = {
(𝑎, 𝑏, 𝑐)    𝑖𝑓  𝑥 = 𝑥𝑝

(0,0,1)    𝑖𝑓  𝑥 ≠ 𝑥𝑝
 

For each 𝑥𝑝 ∈ 𝑋 is said to be the support of 𝑥𝑎,𝑏,𝑐 where 𝑎 denotes the degree of membership value, 𝑏 the degree of 

indeterminacy and 𝑐 is the degree of nonmember ship value of 𝑥𝑎,𝑏,𝑐 . 

 Definition 2.9: [7, 14] For Pythagorean Neutrosophic set 𝐴 in a Pythagorean Neutrosophic Topological Space (𝑋, 𝜏) is 

called Pythagorean Neutrosophic Fuzzy 𝛼-open set (PN 𝛼 OS) if   𝐴 ⊆ 𝑃𝑁𝑖𝑛𝑡 (𝑃𝑁𝑐𝑙(𝑃𝑁𝑖𝑛𝑡(𝐴))) Pythagorean 

Neutrosophic set is called Pythagorean Neutrosophic 𝛼-closed (resp. Pythagorean Neutrosophic 𝛼 closed. 

Definition 2.10: [17] Let (𝑋, 𝜏) be a PNTS and 𝐴 be a PNS over 𝑋 

1- Pythagorean Neutrosophic 𝛼-interior of 𝐴 (𝑃𝑁𝛼𝑖𝑛𝑡(𝐴)) is the union of all Pythagorean Neutrosophic 𝛼 -open 

sets of 𝑋 contained in 𝐴. That is,                           𝑃𝑁𝛼𝑖𝑛𝑡(𝐴) =∪ {𝐺: 𝐺 𝑖𝑠 𝑎 𝑃𝑁𝛼𝑂 𝑠𝑒𝑡 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐺 ⊆ 𝐴}.   

2- Pythagorean Neutrosophic 𝛼 -closure of A (PN𝛼cl(A)) is the intersection of all Pythagorean neutrosophic 𝛼 -

closed sets of 𝑋 containing 𝐴. That is,                     𝑃𝑁𝛼𝑐𝑙(𝐴) =∩ {𝐻: 𝐻 𝑖𝑠 𝑎 𝑃𝑁𝛼𝐶 𝑠𝑒𝑡 𝑖𝑛 𝑋 𝑎𝑛𝑑 𝐴 ⊆ 𝐻}. 

Remark 2.11: [9] For a Pythagorean Neutrosophic Fuzzy Topologcal Space (𝑋, 𝜏) and 𝐴, 𝐵 ⊆ 𝑋.  From definition We 

have 
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1- Every Pythagorean Neutrosophic open set is Pythagorean Neutrosophic Fuzzy 𝛼-open set. 

2- If 𝐴 ⊆ 𝐵, then 𝑃𝑁𝛼𝑖𝑛𝑡(𝐴) ⊆ 𝑃𝑁𝛼𝑖𝑛𝑡(𝐵). 

3- If 𝐴 ⊆ 𝐵, then 𝑃𝑁𝛼𝑐𝑙(𝐴) ⊆ 𝑃𝑁𝛼𝑐𝑙(𝐵). 

Definition 2-12: [ 7, 9, 16] 

Let 𝑓 be a function from a Pythagorean Neutrosophic topological space (𝑋, 𝜏) to a Pythagorean Neutrosophic 

topological space (𝑌, 𝜃) then 𝑓 is called 

1- A Pythagorean Neutrosophic 𝛼open function if 𝑓(𝐴) is a Pythagorean Neutrosophic 𝛼 -open set in 𝑌 for every 

Pythagorean neutrosophic open set 𝐴 in 𝑋. 

2- A Pythagorean Neutrosophic 𝛼 closed function if 𝑓(𝐴) is a Pythagorean Neutrosophic 𝛼 -closed set in 𝑌 for 

every Pythagorean Neutrosophic closed set 𝐴 in 𝑋. 

3- A Pythagorean Neutrosophic continuous function if 𝑓−1(𝐵) is a Pythagorean Neutrosophic open set in 𝑋 for 

every Pythagorean Neutrosophic open set 𝐵 in 𝑌. 

4- A Pythagorean Neutrosophic 𝛼- continuous function if 𝑓−1(𝐵) is a Pythagorean Neutrosophic 𝛼-open set in 𝑋 

for every Pythagorean Neutrosophic open set 𝐵 in 𝑌. 

Definition 2.13: A mapping 𝑓: (𝑋, 𝑇) → (𝑌, 𝑆) from a Pythagorean Neutrosophic topological space (𝑋, 𝑇) to another 

Pythagorean Neutrosophic topological space (𝑌, 𝑆) is said to be 

1- A Pythagorean Neutrosophic 𝛼∗-continuous function if 𝑓−1(𝐵) is a Pythagorean Neutrosophic 𝛼-open set in 𝑋 for 

every Pythagorean Neutrosophic 𝛼-open set 𝐵 in 𝑌. 

3- A Pythagorean Neutrosophic 𝛼∗∗-continuous function if 𝑓−1(𝐵) is a Pythagorean Neutrosophic open set in 𝑋 

for every Pythagorean Neutrosophic 𝛼-open set 𝐵 in 𝑌. 

Definition 2.14: A PNTS (𝑋, 𝜏 ) is called a Pythagorean neutrosophic 

i. 𝑇0-space or (PN 𝑇0- space, for short) if for every pair of Pythagorean Neutrosophic points 𝑝 =

𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, ther exists a Pythagorean Neutrosophic 𝛼 -open sets 𝐴 and 𝐵 such that 

(𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴) and 𝑞 ⊆ 𝐵, 𝑝 ⊈ 𝐵. 

ii.  𝑇1-space (PN 𝑇1-space, for short) iff for every pair of Pythagorean Neutrosophic points 𝑝 =

𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, ther exists a Pythagorean Neutrosophic open sets 𝐴 and 𝐵 such that 

(𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴) and 𝑞 ⊆ 𝐵, 𝑝 ⊈ 𝐵). 

iii.  𝑇2-space or neutrosophic Hausdorff space (PN 𝑇2-space or Hausdorff space, for short) iff for any two 

Pythagorean Neutrosophic points 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, there exist two Pythagorean 

Neutrosophic open sets 𝐴, 𝐵 in 𝑋 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0. 

2. 𝜶-Separation Axioms in Pythagorean Neutrosophic Topologial Spaces: 

Definition 3.1: A Pythagorean Neutrosophic Topological Spaces (𝑋, 𝜏) is said to be Pythagorean Neutrosophic Fuzzy 

𝛼-𝑇0 (PNF 𝛼 -𝑇0) if for every pair of Pythagorean Neutrosophic Fuzzy points 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with different 

supports, there exists a Pythagorean Neutrosophic Fuzzy 𝛼 -open set A such that either.  (𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴) or (𝑞 ⊆ 𝐴, 𝑝 ⊈ 𝐴). 

Theorem 3.2: A Pythagorean Neutrosophic Topological Spaces (𝑋, 𝜏) is PN 𝛼 -𝑇0 if and only if any two crisp Pythagorean 

Neutrosophic Fuzzy points with different supports have disjoint Pythagorean Neutrosophic Fuzzy  𝛼 -closure. 

Proof: 

Let (𝑋, 𝜏) be A Pythagorean Neutrosophic Fuzzy 𝛼 -𝑇0 and 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) be two crisp Pythagorean 

Neutrosophic Fuzzy points with supports 𝑥, 𝑦 respectively, where 𝑥 ≠ 𝑦.  Since (𝑋, 𝜏) is PN  𝛼 -𝑇0 there exists a 

Pythagorean Neutrosophic 𝛼 -open set A such that either (𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴) or 𝑞 ⊆ 𝐴, 𝑝 ⊈ 𝐴). 

If 𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴, this implies that 𝑞 ⊆ 𝑃𝑁𝛼𝑐𝑙(𝑞), 𝑃𝑁𝛼(𝑞) ⊈ 𝐴, since 𝑝 ⊈ 𝐴𝑐, 𝑝 ⊈ (𝑃𝑁𝛼𝑐𝑙(𝑞))𝑐.  But 𝑝 ⊆ 𝑃𝑁𝛼𝑐𝑙(𝑝).  

There fore 𝑃𝑁𝛼𝑐𝑙(𝑝) ≠ 𝑃𝑁𝛼𝑐𝑙(𝑞). 

Conversely, let 𝑝 and 𝑞 be any two Pythagorean Neutrosophic Fuzzy points with different supports 𝑥, 𝑦 

respectively.  Let 𝑝1, 𝑞1 be Pythagorean Neutrosophic Fuzzy points such that 𝑝1(𝑥) = 𝑞1(𝑦) = 1.  By hypothesis 

𝑃𝑁𝛼𝑐𝑙(𝑝1) ≠ 𝑃𝑁𝛼𝑐𝑙(𝑞1), but 𝑝 ≤ 𝑝1 implies that 𝑝𝑐 ≥ 𝑝1
𝑐 ≥ (𝑃𝑁𝛼𝑐𝑙(𝑝1))𝑐.  Thus (𝑃𝑁𝛼𝑐𝑙(𝑝1))𝑐 is 𝐴 Pythagorean 

Neutrosophic 𝛼 -open set such that 𝑞 ⊈ (𝑃𝑁𝛼𝑐𝑙(𝑝1), 𝑝 ⊆ 𝑃𝑁𝛼𝑐𝑙(𝑝1).  Hence (𝑋, 𝜏) is Pythagorean Neutrosophic  𝛼 -𝑇0. 
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Theorem 3.3: If 𝑓: (𝑋, 𝑇) → (𝑌, 𝑆) is an injective, Pythagorean Neutrosophic 𝛼 -continuous mapping and (𝑌, 𝑆) is a 

Pythagorean Neutrosophic 𝛼 -𝑇0 Space, then (𝑋, 𝑇) is Pythagorean Neutrosophic 𝛼 -𝑇0 Space. 

Proof:  

Let 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) be a Pythagorean Neutrosophic points with different supports in 𝑋.  Then 𝑓(𝑝), 𝑓(𝑞) 

are two Pythagorean Neutrosophic points with different supports in 𝑌.  Since (𝑌, 𝑆) is a Pythagorean Neutrosophic 𝛼 –

𝑇0Space, then there exists a Pythagorean Neutrosophic open set 𝐴 such that 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈ 𝐴 or 𝑓(𝑞) ⊆ 𝐴, 𝑓(𝑝) ⊈ 𝐴.  

Consider the part 𝑓(𝑞) ⊆ 𝐴, 𝑓(𝑝) ⊈ 𝐴.  It follows that 𝑞 ⊆ 𝑓−1(𝐴), 𝑃 ⊈ 𝑓−1(𝐴).  Where 𝑓−1(𝐴) is a Pythagorean 

Neutrosophic 𝛼 -open set in 𝑋.  Hence (𝑋, 𝑇) is a Pythagorean Neutrosophic 𝛼 -𝑇0 Space. 

Theorem 3.4: Let 𝑓 be continuous mapping from a Pythagorean Neutrosophic Topological Space (𝑋, 𝑇) into 

Pythagorean Neutrosophic Topological Space (𝑌, 𝑆).  If (𝑌, 𝑆) is a Pythagorean Neutrosophic Fuzzy 𝛼-𝑇0 Space, then so 

is (𝑋, 𝑇). 

Proof: 

Let 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) are Pythagorean Neutrosophic Fuzzy points with different supports in 𝑋, then 𝑓(𝑝) 

and 𝑓(𝑞) are two Pythagorean Neutrosophic points with different supports in 𝑌.  Since (𝑌, 𝑆) is Pythagorean 

Neutrosophic 𝛼 -𝑇0 space, then there exists a Pythagorean Neutrosophic open set 𝐴 such that 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈

𝐴, or 𝑓(𝑞) ⊆ 𝐴, 𝑓(𝑝) ⊈ 𝐴.  Consider the part.  If 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈ 𝐴.  Its follows that, 𝑝 ⊆ 𝑓−1(𝐴), 𝑞 ⊈ 𝑓−1(𝐴), where 

𝑓−1(𝐴)  is a Pythagorean Neutrosophic 𝛼 -open set in 𝑋.  Hence (𝑋, 𝑇) is a Pythagorean Neutrosophic 𝛼 -𝑇0 Space. 

Theorem 3.5: Let 𝑓 be an injective Pythagorean Neutrosophic fuzzy 𝛼∗ continuous mapping from a  Pythagorean 

Neutrosophic topological space (𝑋, 𝜏 ) into Pythagorean Neutrosophic topological space (𝑌, 𝑆 ). If (𝑌, 𝑆 ) is a 

Pythagorean Neutrosophic 𝛼 − 𝑇0 space, then so is (𝑋, 𝜏).                                                                    

  Proof: 

 Let 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) are Pythagorean Neutrosophic points with different supports in 𝑋, then 𝑓(𝑝) and 

𝑓(𝑞) are two Pythagorean Neutrosophic points with different supports in 𝑌.  Since (𝑌, 𝑆) is Pythagorean Neutrosophic 

𝛼 -𝑇0 space, then there exists a Pythagorean Neutrosophic 𝛼 − open set 𝐴 such that 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈ 𝐴, or 𝑓(𝑞) ⊆

𝐴, 𝑓(𝑝) ⊈ 𝐴.  Consider the part.  If 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈ 𝐴.  Its follows that, 𝑝 ⊆ 𝑓−1(𝐴), 𝑞 ⊈ 𝑓−1(𝐴), where 𝑓−1(𝐴)  is a 

Pythagorean Neutrosophic 𝛼 -open set in 𝑋.  Hence (𝑋, 𝑇) is a Pythagorean Neutrosophic 𝛼 -𝑇0 Space. 

Theorem 3.6: If 𝑓: (𝑋, 𝜏)  →  (𝑌, 𝑆) is an injective, Pythagorean Neutrosophic 𝛼∗∗continuous mapping and (𝑌, 𝑆 ) is a 

Pythagorean Neutrosophic 𝛼 − 𝑇0 space, then (𝑋, 𝜏) is a Pythagorean Neutrosophic 𝛼 − 𝑇0 space . 

Proof: 

Let 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) are Pythagorean Neutrosophic points with different supports in 𝑋, then 𝑓(𝑝) and 

𝑓(𝑞) are two Pythagorean Neutrosophic points with different supports in 𝑌.  Since (𝑌, 𝑆) is Pythagorean Neutrosophic 

𝛼 -𝑇0 space, then there exists a Pythagorean Neutrosophic 𝛼 − open set 𝐴 such that 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈ 𝐴, or 𝑓(𝑞) ⊆

𝐴, 𝑓(𝑝) ⊈ 𝐴.  Consider the part.  If 𝑓(𝑝) ⊆ 𝐴, 𝑓(𝑞) ⊈ 𝐴.  Its follows that, 𝑝 ⊆ 𝑓−1(𝐴), 𝑞 ⊈ 𝑓−1(𝐴), where 𝑓−1(𝐴)  is a 

Pythagorean Neutrosophic open set in 𝑋.  Hence (𝑋, 𝑇) is a Pythagorean Neutrosophic 𝛼 -𝑇0 Space. 

Definition 3.7: A Pythagorean Neutrosophic Topological Space (𝑋, 𝜏) is said to be Pythagorean Neutrosophic 𝛼 -𝑇1 

(PN𝛼-𝑇1) if for every pair of Pythagorean Neutrosophic points 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, ther exists a 

Pythagorean Neutrosophic 𝛼 -open sets 𝐴 and 𝐵 such that (𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴) and 𝑞 ⊆ 𝐵, 𝑝 ⊈ 𝐵). 

Theorem 3.8: A Pythagorean Neutrosophic Topological Spaces (𝑋, 𝜏) is Pythagorean Neutrosophic 𝛼 -𝑇1 if and only if 

every crisp Pythagorean Neutrosophic point is a Pythagorean Neutrosophic 𝛼 -closed set. 

Proof: 

Let 𝑝 = 𝑥(1,0,0) be a PNCP in 𝑋. Also let 𝑞 = 𝑦(𝛼,𝛽,𝜃) ∈ 𝑝𝑐  be any PNP. Then obviously 𝑥 ≠ 𝑦. Since 𝑋 is a PN 𝛼 -

𝑇1, so for 𝑦(𝛼,𝛽,𝜃) and 𝑥(𝜇,𝜎,𝛾), there exists a PN 𝛼open set A such that 𝑦(𝛼,𝛽,𝜃) ∈ 𝐴 and  𝑥(𝜇,𝜎,𝛾) ∉ 𝐴. Since for all 𝜇, 𝜎, 𝛾 with 

0    < 𝜇 ≤ 1, 0 ≤ 𝜎 < 1, 0 ≤ 𝛾 < 1, one such A exists, therefore we must have a PN𝛼 open set B such that 𝑦(𝛼,𝛽,𝜃) ∈

𝐵 and 𝑝 ∩ 𝐵 = ∅. Therefore𝑞 ∈ 𝐵 ⊆ 𝑝𝑐. So, 𝑝𝑐 is a PN𝛼 open set and consequently, p is a PN𝛼 closed set. 

Conversely, let 𝑝1 = 𝑥1(𝜇1,𝜎1,𝛾1) and 𝑝2 = 𝑥2(𝜇2,𝜎2,𝛾2) are Pythagorean Neutrosophic Fuzzy point with different 

supports 𝑥1 and 𝑥2.Also let 𝑞1 = 𝑥1(𝛼1,𝛽1,𝜃1) and  𝑞2 = 𝑥2(𝛼2,𝛽2,𝜃2) be a Pythagorean Neutrosophic Fuzzy point with 
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different supports 𝑥1 and 𝑥2, respectively and such that 𝑞1(𝑥1) = 𝑞2(𝑥2) = 1.  The Pythagorean Neutrosophic Fuzzy set 

𝑞1 
𝑐 𝑎𝑛𝑑 𝑞2

𝑐 are Pythagorean Neutrosophic Fuzzy 𝛼 -open and satisfy the conditions 𝑝1 ⊆ 𝑞2
𝑐 , 𝑝2 ⊈ 𝑞2

𝑐 and 𝑝2 ⊆ 𝑞1
𝑐 , 𝑝1 ⊈ 𝑞2

𝑐 .  

Hence the space (𝑋, 𝜏) is PN 𝛼 -𝑇1. 

Theorem 3.9: Every Pythagorean Neutrosophic 𝛼 -𝑇1 Space is obviously be Pythagorean Neutrosophic 𝛼 -𝑇0 Space.  . 

Proof: 

Let 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, be two PNS in 𝑋.  Since 𝑋 is PN𝛼 -𝑇1 space, so there exists Pythagorean 

Neutrosophic 𝛼 -open sets 𝐴 and 𝐵 such that (𝑝 ⊆ 𝐴, 𝑞 ⊈ 𝐴) and (𝑞 ⊆ 𝐵, 𝑝 ⊈ 𝐵).  Hence (𝑋, 𝜏) is PN𝛼 -𝑇0 space. 

Remark 3.10: Converse of the above theorem is not true in general.  We establish it by the following counter example. 

Example 3.11: Let 𝑋 = {𝑎, 𝑏} and 𝜏 = {0,1, 𝐴}, where 𝐴 = {〈𝑎, 1,0,0〉, 〈𝑏, 0,1,1〉}.  Clearly the (𝑋, 𝜏) is a PN 𝛼 -𝑇0 space. But 

(𝑋, 𝜏) is not an PN 𝛼 -𝑇1 space, because the PNP 𝑎(1,0,0) is not PN𝛼C set.  Therefore, by the theorem (3.6) is not an PN𝛼-

𝑇1 space.  Thus PN(𝑋, 𝜏) is a PN 𝛼 -𝑇0 space but not PN𝛼-𝑇1 space.   

Theorem 3.12: Let 𝑓 be a bijective Pythagorean Neutrosophic 𝛼 -open function from a PNTS (𝑋, 𝜏) to another 

PNTS (𝑌, 𝜎).  If (𝑋, 𝜏) is PN-𝑇1 then (𝑌, 𝜎) is an PN𝛼 -𝑇1 space. 

Proof: 

Let 𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) with 𝑦1 ≠ 𝑦2, be two PNPs in 𝑌.  Since 𝑓 is bijective, so there exist two PNPs 

𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′), 𝑥1 ≠ 𝑥2 in 𝑋 such that  𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾), 𝑓 (𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′).  Since 𝑋 is PN-𝑇1, so there 

exists open set 𝐴 such that 𝑥1(𝛼,𝛽,𝜃) ∈ 𝐴, 𝑥2(𝛼′,𝛽′,𝜃′) ∉ 𝐴 and there exists open set 𝐵 such that 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝐵, 𝑥1(𝛼,𝛽,𝜃) ∉ 𝐵.  

Since 𝑓 is a Pythagorean Neutrosophic 𝛼-open function, so 𝑓(𝐴) is a PN𝛼 open set such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾) ∈

𝑓(𝐴) and  𝑓(𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′) ∉ 𝑓(𝐴).  Similarly 𝑓(𝐵) is a PN 𝛼 open set such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾) ∉

𝑓(𝐵) and 𝑓 (𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′) ∈ 𝑓(𝐵).  Thus for any two PNPs 𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) in 𝑌 such that 𝑦1 ≠ 𝑦2, there 

exists a PN 𝛼 open set 𝑓(𝐴) such that 𝑦1(𝜇,𝜎,𝛾) ∈ 𝑓(𝐴), 𝑦2(𝜇′,𝜎′,𝛾′) ∉ 𝑓(𝐴).  And there exists a PN 𝛼 -open set 𝑓(𝐵) such 

that 𝑦2(𝜇′,𝜎′,𝛾′) ∈ 𝑓(𝐵), 𝑦1(𝜇,𝜎,𝛾) ∉ 𝑓(𝐵).  Therefore, (𝑌, 𝜎) is PN 𝛼 -𝑇1 space. 

Theorem 3.13: Let 𝑓 be a injective Pythagorean Neutosophic 𝛼 -continuous function from a PNTS(𝑋, 𝜏) to another 

PNTS(𝑌, 𝜎).  If (𝑌, 𝜎) is PN 𝑇1 then (𝑋, 𝜏) is an PN𝛼 -𝑇1 space. 

Proof: 

Let 𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′), be any two PNPs in 𝑋 such that 𝑥1 ≠ 𝑥2.  Since 𝑓 is one to one, so there exist two PNPs 

𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) with 𝑦1 ≠ 𝑦2, in 𝑌 such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾) and 𝑓(𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′),i.e. 

𝑥1(𝛼,𝛽,𝜃) = 𝑓−1(𝑦1(𝜇,𝜎,𝛾)) 𝑎𝑛𝑑 𝑥2(𝛼′,𝛽′,𝜃′) = 𝑓−1(𝑦2(𝜇′,𝜎′,𝛾′)).  Since 𝑌 is PN 𝑇1, so there exists Pythagorean 

Neutrosophic open set 𝐴 such that 𝑦1(𝜇𝜎𝛾) ∈ 𝐴, 𝑦2(𝜇′,𝜎′,𝛾′) ∉ 𝐴 and there exists Pythagorean Neutrosophic open set 𝐵 

such that 𝑦2(𝜇′,𝜎′,𝛾′) ∈ 𝐵, 𝑦1(𝜇,𝜎,𝛾) ∉ 𝐵.  Since 𝑓 is a Pythagorean Neutrosophic 𝛼 -continuous function, so 𝑓−1(𝐴) and 

𝑓−1(𝐵) are Pythagorean Neutrosophic 𝛼 open sets in 𝑋.  Also 𝑦1(𝜇,𝜎,𝛾) ∈ 𝐴 ⟹ 𝑓−1(𝑦1(𝜇,𝜎,𝛾)) ∈ 𝑓−1(𝐴) ⟹ 𝑥1(𝛼,𝛽,𝜃) ∈

𝑓−1(𝐴) and 𝑦2(𝜇′,𝜎′,𝛾′) ∉ 𝐴 ⟹ 𝑓−1(𝑦2(𝜇′,𝜎′,𝛾′)) ∉ 𝑓−1(𝐴) ⟹ 𝑥2(𝛼′,𝛽′,𝜃′) ∉ 𝑓−1(𝐴). Similarly 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝑓−1(𝐵) and 

𝑥1(𝛼,𝛽,𝜃) ∉ 𝑓−1(𝐵).  Thus for any two Pythagorean Neutrosophic points 𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′) in 𝑋 such that 𝑥1 ≠ 𝑥2, 

there exists a Pythagorean Neutrosophic 𝛼 -open set 𝑓−1(𝐴) such that 𝑥1(𝛼,𝛽,𝜃) ∈ 𝑓−1(𝐴), 𝑥2(𝛼′,𝛽′,𝜃′) ∉ 𝑓−1(𝐴) and 

there exists a Pythagorean Neutrosophic 𝛼 -open set 𝑓−1(𝐵).  Such that 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝑓−1(𝐵) and 𝑥1(𝛼,𝛽,𝜃) ∉ 𝑓−1(𝐵).  

Therefore (𝑋, 𝜏) is an PN 𝛼 -𝑇1 space. 

Theorem 3.14: Let 𝑓 be a injective Pythagorean neutrosophic 𝛼∗-continuous function from a PNTS(𝑋, 𝜏) to another 

PNTS(𝑌, 𝜎).  If (𝑌, 𝜎) is PN 𝛼 -𝑇1 then so is 𝑋 

Proof: 

Let 𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′), be any two PNPs in 𝑋 such that 𝑥1 ≠ 𝑥2.  Since 𝑓 is one to one, so there exist two PNPs 

𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) with 𝑦1 ≠ 𝑦2, in 𝑌 such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾) and 𝑓(𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′), i.e. 𝑥1(𝛼,𝛽,𝜃) =

𝑓−1(𝑦1(𝜇,𝜎,𝛾))  and  𝑥2(𝛼′,𝛽′,𝜃′) = 𝑓−1(𝑦2(𝜇′,𝜎′,𝛾′)).  Since 𝑌 is PN𝛼 𝑇1, so there exists Pythagorean Neutrosophic 𝛼 -open 

set 𝐴 such that 𝑦1(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦2(𝜇′,𝜎′,𝛾′) ∉ 𝐴 and there exists Pythagorean Neutrosophic 𝛼 -open set 𝐵 such that 

𝑦2(𝜇′,𝜎′,𝛾′) ∈ 𝐵, 𝑦1(𝜇,𝜎,𝛾) ∉ 𝐵.  Since 𝑓 is a Pythagorean Neutrosophic 𝛼∗-continuous function, so 𝑓−1(𝐴) and 𝑓−1(𝐵) 
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are Pythagorean Neutrosophic 𝛼 -open sets in 𝑋.  Also 𝑦1(𝜇,𝜎,𝛾) ∈ 𝐴 ⟹ 𝑓−1(𝑦1(𝜇,𝜎,𝛾)) ∈ 𝑓−1(𝐴) ⟹ 𝑥1(𝛼,𝛽,𝜃) ∈ 𝑓−1(𝐴) 

and 𝑦2(𝜇,𝜎,𝛾) ∉ 𝐴 ⟹ 𝑓−1(𝑦2(𝜇′,𝜎′,𝛾′)) ∉ 𝑓−1(𝐴) ⟹ 𝑥2(𝛼′,𝛽′,𝜃′) ∉ 𝑓−1(𝐴).  Similarly 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝑓−1(𝐵) and 𝑥1(𝛼,𝛽,𝜃) ∉

𝑓−1(𝐵).  Thus for any two Pythagorean Neutrosophic points 𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′) in 𝑋 such that 𝑥1 ≠ 𝑥2, there exists a 

Pythagorean Neutrosophic 𝛼 -open set 𝑓−1(𝐴) such that 𝑥1(𝛼,𝛽,𝜃) ∈ 𝑓−1(𝐴), 𝑥2(𝛼′,𝛽′,𝜃′) ∉ 𝑓−1(𝐴) and there exists a 

Pythagorean Neutrosophic 𝛼 -open set 𝑓−1(𝐵).  Such that 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝑓−1(𝐵) and 𝑥1(𝛼,𝛽,𝜃) ∉ 𝑓−1(𝐵).  Therefore, 

(𝑋, 𝜏) is an PN 𝛼 -𝑇1 space. 

Theorem 3.15: Let 𝑓 be a injective Pythagorean neutrosophic 𝛼∗∗-continuous function from a PNTS(𝑋, 𝜏) to another 

PNTS(𝑌, 𝜎).  If (𝑌, 𝜎) is PN 𝛼 -𝑇1 then so is 𝑋 

       Proof: 

 Similar to that of theorem (3.6). 

Definition 3.16: A Pythagorean Neutrosophic topological space (X, T) is said to be a Pythagorean Neutrosophic 

stronger space−𝛼𝑇1 if every Pythagorean Neutrosophic point is a Pythagorean Neutrosophic 𝛼-closed set 

Definition 3.17: A Pythagorean Neutrosophic Topological Space (𝑋, 𝜏) is said to be Pythagorean  Neutrosophic 𝛼 -

𝑇2 space or Pythagorean Neutrosophic 𝛼 -Hausdorff space (PN𝛼𝑇2 -space or PN 𝛼 -Hausdorff space) iff for any 

two Pythagorean Neutrosophic points 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, there exist two Pythagorean 

Neutrosophic 𝛼 -open sets 𝐴, 𝐵 in 𝑋 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0. 

Theorem 3.18: Let (𝑋, 𝜏) be a PNTS.  If 𝑋 is PN𝑇2 -space then X is a PN 𝛼𝑇2-space. 

Proof: 

Let 𝑥(𝜇,𝜎,𝛾), 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, be two PNPs in 𝑋.  Since (𝑋, 𝜏) is a PN 𝑇2-space, so there exist Pythagorean 

Neutrosophic open sets 𝐴, 𝐵 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Since every Pythagorean Neutrosophic 

open set is a Pythagorean Neutrosophic 𝛼 -open set, so for any two PNPs 𝑥(𝜇,𝜎,𝛾), 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦, there exist 

Pythagorean Neutrosophic 𝛼 -open sets 𝐴, 𝐵 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Hence (𝑋, 𝜏) is a PN 

𝛼𝑇2-space. 

Remark 3.19: Converse of the theorem is not true in general.  We establish it by the following counter example. 

Example 3.20: Let 𝑋 = {𝑥, 𝑦} and 𝜏 = {0,1} clearly (𝑋, 𝜏) is not PN 𝑇2-space.  We now show that (𝑋, 𝜏) is a PN 𝛼𝑇2-

space.  Let 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 be any two PNPs in 𝑋.  Also let 𝐴 = {〈𝑥, 1,0,0〉, 〈𝑦, 0,1,1〉} and 𝐵 =

{〈𝑥, 0,1,1〉, 〈𝑦, 1,0,0〉}.  Clearly, 𝐴 and 𝐵 are two Pythagorean Neutrosophic 𝛼 -open sets in 𝑋 such that 𝐴 ∩ 𝐵 = 0.  

Thus there exist Pythagorean Neutrosophic 𝛼 -open sets 𝐴 and 𝐵, 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Therefore, 

(𝑋, 𝜏) is a PN 𝛼−𝑇2space. 

Theorem 3.21: Let (𝑋, 𝜏) be a PN 𝛼−𝑇2 space.  Then every Pythagorean Neutrosophic subspace of 𝑋 is a PN𝛼 − 𝑇2 

space, hence the property is hereditary. 

Proof: 

Let (𝑌, 𝜏|𝑌) be a Pythagorean Neutrosophic subspace of 𝑋, where 𝜏𝑌 = {𝐺𝑌 = {〈𝑥, 𝜇𝐺|𝑌
, 𝜎𝐺|𝑌

, 𝛾𝐺|𝑌
, 𝑥 ∈ 𝑌, 𝐺 ∈ 𝜏〉}} 

and 𝐺 = 〈𝑥, 𝜇𝐺(𝑥), 𝜎𝐺(𝑥), 𝛾𝐺(𝑥)〉.  Let 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) be two distinct PNPs in 𝑌, that is they have distinct 

supports.  Then, clearly 𝑝 = 𝑥(𝜇,𝜎,𝛾), 𝑞 = 𝑦(𝛼,𝛽,𝜃) are also distinct PNPs in 𝑋 and as 𝑋 is PN 𝛼 − 𝑇2, therefore there 

exist two Pythagorean Neutrosophic 𝛼 -open sets 𝐴 and 𝐵 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Thus, 

there exist 𝐴𝑌, 𝐵𝑌 ∈ 𝜏𝑌 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴𝑌, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵𝑌 and 𝐴𝑌 ∩ 𝐵𝑌 = 0. hence the property is hereditary. 

     Theorem 3.22: Let (𝑋, 𝜏) be a PNTS.  If (𝑋, 𝜏) is an PN 𝛼−𝑇2space then it is a PN        𝛼 − 𝑇1space.  Proof: 

Let 𝑥(𝜇,𝜎,𝛾), 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦.  Since (𝑋, 𝜏) is a PN 𝛼 − 𝑇2space, so there exist Pythagorean Neutrosophic 𝛼 -open 

sets 𝐴 and 𝐵 such that 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Since 𝑥(𝜇,𝜎,𝛾) ∈ 𝐴 and 𝐴 ∩ 𝐵 = 0, so 𝑥(𝜇,𝜎,𝛾) ∉ 𝐵.  

Similarly 𝑦(𝛼,𝛽,𝜃) ∉ 𝐴.  Thus for any two PNPs 𝑥(𝜇,𝜎,𝛾), 𝑦(𝛼,𝛽,𝜃) with 𝑥 ≠ 𝑦 there exists a PN 𝛼 open set 𝐴 such that 

𝑥(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦(𝛼,𝛽,𝜃) ∉ 𝐴 and there exists a PN 𝛼 open set 𝐵 such that 𝑥(𝜇,𝜎,𝛾) ∉ 𝐵, 𝑦(𝛼,𝛽,𝜃) ∈ 𝐵.  Hence (𝑋, 𝜏) is a PN 𝛼 −

𝑇1space. 

Theorem 3.23: Let 𝑓 be a bijective Pythagorean Neutrosophic 𝛼 -open function from a PNTS(𝑋, 𝜏) to another 

PNTS(𝑌, 𝜎).  If (𝑋, 𝜏) is PN 𝑇2 then (𝑌, 𝜎) is an PN 𝛼 − 𝑇2space. 
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Proof: 

Let 𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) with 𝑦1 ≠ 𝑦2, be two PNPs in 𝑌.  Since 𝑓 is bijective, so there exist two PNPs 𝑥1(𝛼,𝛽,𝜃), 

𝑥2(𝛼′,𝛽′,𝜃′), 𝑥1 ≠ 𝑥2 in 𝑋 such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) =  𝑦1(𝜇,𝜎,𝛾), 𝑓 (𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′).  Since 𝑋 is PN 𝑇2, so there exists 

open set 𝐴 and B such that 𝑥1(𝛼,𝛽,𝜃) ∈ 𝐴, 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Since 𝑓 is a Pythagorean Neutrosophic 𝛼 -

open function, so 𝑓(𝐴), 𝑓(𝐵) are PN 𝛼 open sets such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾) ∈ 𝑓(𝐴) 𝑎𝑛𝑑 𝑥2(𝛼′,𝛽′,𝜃′) =

𝑓 ( 𝑦2(𝜇′,𝜎′,𝛾′)) ∈ 𝑓(𝐵).  Since 𝑓 is bijective, so 𝑓(𝐴) ∩ 𝑓(𝐵) = 𝑓(𝐴 ∩ 𝐵) = 𝑓(0) = 0. 

Thus for any two PNs 𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) in 𝑌 such 𝑦1 ≠ 𝑦2, there exists a PN 𝛼 open set 𝑓(𝐴), 𝑓(𝐵) such that 

𝑦1(𝜇,𝜎,𝛾) ∈ 𝑓(𝐴), 𝑦2(𝜇′,𝜎′,𝛾′) ∈ 𝑓(𝐵) and so 𝑓(𝐴) ∩ 𝑓(𝐵) = 0.  Therefore, (𝑌, 𝜎) is an PN 𝛼 − 𝑇2 space. 

Theorem 3.24: If 𝑓: (𝑋, 𝑇) → (𝑌, 𝑆) is an injective Pythagorean Neutrosophic 𝛼 -continuous mapping and (𝑌, 𝑆) is a 

Pythagorean Neutrosophic 𝑇2-space, then (𝑋, 𝑇) is Pythagorean Neutrosophic 𝛼−𝑇2 space. 

Proof: 

Similar to that of theorem (3.13). 

Theorem 3.25: Let 𝑓 be a one to one Pythagorean Neutrosophic 𝛼∗ continuous function from a PNTS (𝑋, 𝜏) to 

another PNTS (𝑌, 𝜎).  If (𝑌, 𝜎) is PN 𝛼 − 𝑇2 then (𝑋, 𝜏) is an PN 𝛼 − 𝑇2 space. 

Proof: 

Let 𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′), be any two PNPs in 𝑋 such that 𝑥1 ≠ 𝑥2.  Since 𝑓 is one to one, so there exist two PNPs 

𝑦1(𝜇,𝜎,𝛾), 𝑦2(𝜇′,𝜎′,𝛾′) with 𝑦1 ≠ 𝑦2, in 𝑌 such that 𝑓(𝑥1(𝛼,𝛽,𝜃)) = 𝑦1(𝜇,𝜎,𝛾), 𝑓(𝑥2(𝛼′,𝛽′,𝜃′)) = 𝑦2(𝜇′,𝜎′,𝛾′), i.e. 𝑥1(𝛼,𝛽,𝜃) =

𝑓−1(𝑦1(𝜇,𝜎,𝛾)), 𝑥2(𝛼′,𝛽′,𝜃′) = 𝑓−1(𝑦2(𝜇′,𝜎′,𝛾′)).  Since 𝑌 is PN −𝑇2, so there exists Pythagorean Neutrosophic 𝛼 open set 

𝐴 and 𝐵 such that 𝑦1(𝜇,𝜎,𝛾) ∈ 𝐴, 𝑦2(𝜇′,𝜎′,𝛾′) ∈ 𝐵 and 𝐴 ∩ 𝐵 = 0.  Since 𝑓 is a Pythagorean Neutrosophic 𝛼∗-continuous 

function, so 𝑓−1(𝐴) and 𝑓−1(𝐵) are Pythagorean Neutrosophic 𝛼 open sets in 𝑋.  Also 𝑦1(𝜇,𝜎,𝛾) ∈ 𝐴 ⟹ 𝑓−1(𝑦1(𝜇,𝜎,𝛾)) ∈

𝑓−1(𝐴) ⟹ 𝑥1(𝛼,𝛽,𝜃) ∈ 𝑓−1(𝐴).  Similarly 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝑓−1(𝐵).  Thus for any two Pythagorean Neutrosophic points 

𝑥1(𝛼,𝛽,𝜃), 𝑥2(𝛼′,𝛽′,𝜃′) in 𝑋 such that 𝑥1 = 𝑥2, there exists a Pythagorean Neutrosophic 𝛼 open set 𝑓−1(𝐴) and 𝑓−1(𝐵).  

Such that 𝑥1(𝛼,𝛽,𝜃) ∈ 𝑓−1(𝐴), and 𝑥2(𝛼′,𝛽′,𝜃′) ∈ 𝑓−1(𝐵), 𝑓−1(𝐴) ∩ 𝑓−1(𝐵) = 0.  Therefore, (𝑋, 𝜏) is an PN 𝛼 − 𝑇2 space. 

Theorem 3.25: If 𝑓: (𝑋, 𝜏)  →  (𝑌, 𝛿) is an injective, Pythagorean Neutrosophic 𝛼∗∗ − continuous mapping and (𝑌, 𝛿) is 

Pythagorean Neutrosophic 𝛼 −  𝑇2 space, then (𝑋, 𝜏)is Pythagorean Neutrosophic 𝑇2 -space . 

Proof: Similar to that of theorem 3.6. 

Definition 3.26: A Pythagorean Neutrosophic Topological Spaces (𝑋, 𝜏) is said to be Pythagorean Neutrosophic 𝛼 -

regular if for a for a Pythagorean Neutrosophic 𝛼 closed set 𝐴 and 𝑥(𝜇,𝜎,𝛾) ∉ 𝐴 there exists a Pythagorean 

Neutrosophic 𝛼 -open sets 𝑈 and 𝑉 such that.  𝑥(𝜇,𝜎,𝛾) ∈ 𝑈, 𝐴 ⊆ 𝑉 and 𝑈 ∩ 𝑉 = 0.  Moreover the space (𝑋, 𝜏) is called 

a Pythagorean Neutrosophic 𝛼 -𝑇3 if it is both 𝛼 -normal and satisfies 𝛼 -𝑇1 separation axiom. 

Definition 3.27: A Pythagorean Neurosophic Topological Spaces (𝑋, 𝜏) is said to be Pythagorean Neutrosophic 𝛼 -

normal if for every pair of disjoint Pythagorean Neutrosophic 𝛼 -closed set 𝐴 and 𝐵 there exists a Pythagorean 

Neutrosophic 𝛼 -open sets 𝑈 and 𝑉 such that 𝐴 ⊆ 𝑈, 𝐵 ⊆ 𝑉 and 𝑈 ∩ 𝑉 = 0.  The space (𝑋, 𝜏) is called a Pythagorean 

Neutrosophic 𝛼 -𝑇4 if it is both 𝛼 -normal and satisfies 𝛼 -𝑇1 separation axiom. 
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